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Exercise 1. Consider the closed embedding 𝑖 ∶ 𝔸𝑛−𝑘 ↪ 𝔸𝑛 as 𝑥1 = ⋯ = 𝑥𝑘 = 0. Show that

𝒟𝔸𝑛−𝑘→𝔸𝑛 ≅ 𝒟𝔸𝑛−𝑘 ⊗ℂ ℂ[𝜕1, … , 𝜕𝑘]

as a left 𝒟𝔸𝑛−𝑘-module.
Exercise 2. Left 𝑓 ∶ 𝑋 → 𝑌 and 𝑔∶ 𝑌 → 𝑍 be morphism of smooth complex varieties.

(i) Show that there is a canonical isomorphism (𝑔 ∘ 𝑓 )! ≅ 𝑓 ! ∘ 𝑔!.

(ii) Show that for any ℳ ∈ D−
qc(𝒟

op
𝑌 ) and 𝒩 ∈ Db(𝑓 −1𝒟𝑋) there is a canonical isomor-

phism
ℳ

𝕃
⊗𝒟𝑌

ℝ𝑓∗(𝒩) ∼−→ ℝ𝑓∗(𝑓 −1ℳ
𝕃
⊗𝑓 −1𝒟𝑌

𝒩).

(Hint: After constructing the morphism, reduce to a local setting and pick a free
resolution of ℳ.)

(iii) Show that there is a canonical isomorphism (𝑔 ∘ 𝑓 )• ≅ 𝑔• ∘ 𝑓•.

Recall that for a closed immersion 𝑖 ∶ 𝑍 ↪ 𝑋 of smooth varieties there exists a locally free
Koszul resolution

0 → 𝒦𝑑 → … → 𝒦1 → 𝒦0 → 𝒪𝑍 → 0

of the 𝑖−1𝒪𝑋-module 𝒪𝑍, where 𝑑 = codim𝑋 𝑍. In local coordinates {𝑥𝑖, 𝜕𝑖} on 𝑋, if 𝑍 =
{𝑥1 = ⋯ = 𝑥𝑑 = 0}, one has

𝒦𝑗 =
𝑗

⋀(
𝑑

⨁
𝑘=1

𝑖−1𝒪𝑋𝑑𝑥𝑘)

with differential 𝑑∶ 𝒦𝑗 → 𝒦𝑗−1 given by

𝑑(𝑓 𝑑𝑥𝑘1
∧ ⋯ ∧ 𝑑𝑥𝑘𝑗

) =
𝑗

∑
𝑝=1

(−1)𝑝+1𝑦𝑘𝑝
𝑓 𝑑𝑥𝑘1

∧ ⋯ ∧ 𝑑𝑥𝑘𝑝
∧ ⋯ ∧ 𝑑𝑥𝑘𝑗

.

The sheaf 𝒦𝑑 is a locally free 𝑖−1𝒪𝑋-bundle of rank one and there exists a canonical perfect
pairing 𝒦𝑗 ⊗𝑖−1𝒪𝑋

𝒦𝑑−𝑗 → 𝒦𝑑.
Exercise 3. Let 𝑖 ∶ 𝑍 ↪ 𝑋 be a closed immersion of smooth complex varieties.

(i) Using the Koszul resolution, show that there exists a canonical isomorphism

ℝℋℴ𝓂𝑖−1𝒟op
𝑋

(𝒟𝑍→𝑋, 𝑖−1𝒟𝑋) ≅ 𝒟𝑋←𝑍[−𝑑].
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(ii) Deduce from this that for ℳ ∈ Db(𝒟𝑋) there exists a canonical isomorphism

𝑖!ℳ ≅ ℝℋℴ𝓂𝑖−1𝒟𝑋
(𝒟𝑋←𝑍, 𝑖−1ℳ).

Exercise 4. Consider the closed embedding 𝑖 ∶ 𝔸𝑛−𝑘 ↪ 𝔸𝑛 as 𝑥1 = ⋯ = 𝑥𝑘 = 0. For
ℳ ∈ Mod(𝒟𝔸𝑛−𝑘) describe 𝑖•ℳ.
Exercise 5. Let ℳ ∈ Modcoh(𝒟𝑋) be a coherent D-module endowed with a good filtration
𝐹•. For any fixed integer 𝑘 and 0 ≤ 𝑝 ≤ dim 𝑋 set

Sp−𝑝
𝑘 (ℳ) = 𝒟𝑋 ⊗𝒪𝑋

𝑝
⋀ Θ𝑋 ⊗𝒪𝑋

𝐹𝑘−𝑝ℳ.

(i) Define a differential 𝑑∶ Sp−𝑝
𝑘 ℳ → Sp−𝑝+1

𝑘 ℳ turning (Sp•
𝑘(ℳ), 𝑑) into a complex.

(ii) Show that for any sufficiently large integer 𝑘 this complex is a resolution of ℳ.


